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Various mining p roces se s  involve the injection of liquid under p r e s s u r e  into existing or  newly- 
produced points;  examples are  hydraulic f rac tur ing  in oil, f ractur ing in coal seams,  and oil 
displacement  at elevated p r e s s u r e s  [1, 2]. Studies have been made [3, 4] of ver t ica l  and hor i -  
zontal c rack  growth in response  to a noninfiltrating liquid. In those cases ,  the actual p r e s -  
sure  distribution in a joint was replaced by the stat ically equivalent uniform p r e s s u r e  on pa r t  
of the joint surface .  Here we propose a t rea tment  that handles such topics reasonably  effec-  
t ively and does not involve the assumption of uniform p re s su re  distribution. A sys t em of 
equations has been derived for a ver t ica l  symmet r i ca l  c rack  to define the Cauchy problem for 
the c rack  volume. The quasistat ic  equil ibrium condition for the c rack  and the solution are  
ve ry  much simplified if a sys tem of mobile elliptical coordinates re la ted  to the c r ack  is used.  
An analogous approach has been used in examining the growth of a c i rcu la r  horizontal  c rack .  

1. Consider a ver t ica l  c rack  disposed symmet r i ca l ly  with respec t  to a borehole .  

As the c rack  propagation rate  is small  by compar ison  with the speed of sound, we can neglect dy- 
namic effects and consider  c rack  growth as a quasistat ic  p roces s .  Also, one can assume that the s t ra in  
is descr ibed by the l inear theory of elasticity,  and that the liquid flow in the c rack  is laminar .  

The project ion of the c rack  on the horizontal  xy plane at an instant t is r epresen ted  by a section 
along the x axis f rom - 1 (t) to l (t) ; the state of s t ra in  in an unbounded rock body containing the c r ack  may 
be determined by the method of [5] for  planar deformation.  As the situation is symmet r ica l ,  we have a 
condition for the bounded s t r e s se s  at the ends of the c rack:  

! 

,n Az V ~  xP  (X' t) dx - -  q=l = O, (1.1) 

where p(x, t) is the p r e s s u r e  of the liquid in the crack,  and qco = - a x ( ~ )  = - ay(~r is the la teral  p r e s s u r e  in 
the undisrupted rock  body. 

The following is the normal  component of displacement of points on the edges of the c rack :  

+ 4 ( ~ - ~ )  _ q ~ V l ~ _ Z  ~ + ~  t P(~, - -  v~ ( z ,  t )  = - ~ ' 7  ( z ,  t )  - e , ~ _ ~ , 
- - !  

(12) 

where E and u are  the elast ic  modulus and the Poisson rat io  for the rock.  

The condition for flow continuity for an incompress ible  fluid in a c rack  is put in the form 

uq QS(x)=o, Ox 
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w h e r e  q(x, t) i s  the  v o l u m e  f low r a t e  of  the l i qu id  t h rough  the c r a c k  s ec t i on ,  Q(t) i s  the  f low r a t e  of the 
l i qu id  p u m p e d  into  the  c r a c k ,  and 5(x) i s  a d e l t a  func t ion .  

W e  i n t e g r a t e  the  l a t t e r  equa t ion  and u s e  the  s y m m e t r y  to g e t  

q(x) + ~ [ 1 - - 2 .  l(x)l = 0, 

w h e r e  l (x)  i s  the  uni t  H e a v i s i d e  func t ion  ( l (x)  = 0 fo r  x < 0 and l (x)  = 1 f o r  x _> 0). 

F o r  p l a n a r  l a m i n a r  f low of the  l i qu id  we have  

h 2da ap 
q = - -  5-~ -5~ ' 

w h e r e  2d = v + - v  = 2Vy i s  the wid th  of  the c r a c k ,  h i s  the  t h i c k n e s s  of  the  r o c k  bed ,  ands? i s  the v i s c o s i t y  
of  the l iqu id ,  y Y 

A t  the  ends  of the  g r o w i n g  c r a c k  x = • l ,  w h e r e  d ~ 0, the  p r e s s u r e  g r a d i e n t  i s  Op/0x ~ • ~ ,  and the  
f low r a t e  i s  f in i t e  a t  q(~- l ) = J: Q / 2 .  

F r o m  the  two l a t t e r  equa t ions  we g e t  the  cond i t ion  fo r  con t inu i ty  of  the  f low in the f o r m  

h 2v+33----~ Opox 2Q [t - -  2 - l (x)l = O. (1,3) 

The  cond i t i on  fo r  c o n s e r v a t i o n  of  the  m a s s  of l i qu id  g i v e s  

l 

2h  t)d  - a = o, ( 1 . 4 )  

w h e r e  the  v o l u m e  of the  c r a c k  i s  

t 

~Q = 9. o -~ ~ Qdt. 
0 

(i .5) 

F o r  a g iven  Q(t),  Eqs~ (1 .1)-(1 .4)  c o n s t i t u t e  the  s y s t e m  of equa t ions  fo r  the  unknown func t ions  l (t), 
v ; ( x ,  t) and p(x,  t) ; we  a l s o  have  to s p e c i f y  the  i n i t i a l  l eng th  and v o l u m e  of  the  c r a c k  l (0) = l 0 and  ~2 (0) = ~2 0"  

If  the  l i qu id  f low r a t e  i s  unknown, whi l e  the p r e s s u r e  a t  the b o r e h o l e  co lumn  Pc is  g iven ,  we add  to 
t h e s e  equa t ions  the fo l lowing :  

p(O,t) =pc(t).  (1.6) 

In tha t  c a s e ,  (1 .1)- (1 .6)  de f i ne s  the  Cauchy  p r o b l e m  for  the c r a c k  v o l u m e  ~ s u b j e c t  to the  i n i t i a l  
cond i t ion  

~(0)=~0.  (1.7) 

In th i s  f o r m u l a t i o n ,  the  c r a c k  has  a n o n z e r o  Iength  at  t = 0 ;  the  i n i t i a l  width  and p r e s s u r e  d i s t r i b u -  
t ion a r e  de f ined  by  (1 .1) - (1 .4) .  

We i n t r o d u c e  m o b i l e  e l l i p t i c a l  c o o r d i n a t e s  p and d tha t  a r e  l i n k e d  to the  c r a c k :  

x-----~- p cos~;  Y =  .-5- P - -  sin(L 

We have  p = 1 a t  the  edge  of the c r a c k ,  whi l e  the  v a l u e s  2nv -< ~ -< (2n + 1) ~ c o r r e s p o n d  to y = + 0 and (2n + 
1)Tr_<d -<2(n + 1)Tr to y = - 0  (n = 0, • 1, �9 2 . . . .  ).  

W e  pu t  p(~, t) = p[l  (t) cos  d, t] and  v(~, t) = v~[ l  ( t )eos(3,  t)] to r e p r e s e n t  the  above  r e l a t i o n s h i p s  a s  
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2~ 

p ( g , t ) & - - q ~  = 0 ;  

0 

2va (t?, t) Op Q r (20) = O; 
3/(t)sin @ 0'~ ' 2h 

2~ g~ 
l (t) .!' v (~, t) sin ~ d~ --  -~- = O; 

0 

p y , t  =p~ 

] S P (~l, t) sin'tl&l ; 
0 

(1.!a)  

(1.2a) 

(1.3a) 

(1.4a) 

(1.6a) 

w h e r e  r(d) = s ign(s in  ~) is a R a d e m a c h e r  funct ion,  and in t roduce  the fol lowing uni ts  fo r  length 10, s t r e s s  
E / (1  - v 2) , and t ime  ~?[(1 - v2)/E], while for  the d i m e n s i o n l e s s  quant i t ies  we r e t a in  the s y m b o l s  fo r  the 
c o r r e s p o n d i n g  d imens iona l  ones .  

We r e p r e s e n t  the p r e s s u r e  in the f o r m  

p O, t) = po (t) + 2J p,,(t) cos n,L 
' n~2 ,4 , . . .  

(1.8) 

and get  f r o m  (1.1a)-(1.4a) and (1.6a) that  

po(t)--q~; 

( s i n  (n  + l )  t}' 
v ( ~ , t ) = l ( t )  pn ( t ) \  

[2 ( np~sinnf f  P~\ n + t  
n = 2  k n = 2  

( r (e) = 
n ~ l , 3  . . . .  

sin (n -- 1) ~1 
~----~ /; 

sin(n--~) ,]3 

~!n ~ t .  n j ,  

(12b)  

(12b)  

(1.3b) 

Q 
~l~p2 (t) + ~ = O; (1.4b) 

c~ n 

q~ + E ( -  11~ pn (t) = pc (t). ~ 2  (1.6b) 

We mul t ip ly  (1.3b) by s inn$  and in t eg ra t e  f r o m  0 to 2x and then put n = 2, 4, 6 , . . . ,  to ge t  an infinite 
s y s t e m  of a lgeb ra i c  equat ions  of four th  o r d e r  for  the coef f ic ien t s  Pn(t); these  equat ions  go with (1.4b) to 
cons t i tu te  a comple te  s y s t e m  of equat ions  fo r  all  Pn(t) and l (t) fo r  the given l iquid flow r a t e .  If  the in jec -  
t ion p r e s s u r e  is given,  we use  a lso  (1.6b) and the ini t ia l  condi t ion of (1.7). 

We r e s t r i c t  c o n s i d e r a t i o n  to a s ingle  t e r m  in the sum of (1.8) ; then f r o m  (1.6b) we have APc(t) = Pc - 
q~ = -P2(t ) ,  and f r o m  (1.3b), and (1.4b) we have 

7 ~12Apc~ Q = 0 ;  
2"-7 (1.9) 

Q 
~12Apc - -  -~ = O. 

(1 . l o )  

F o r  t = 0 we have f r o m  (1.10) tha t  

445 



~o=nhhpc(O). (1.11) 

F o r  the  g iven  p r e s s u r e  we have  f r o m  (1.9)-(1 .11)  tha t  

t 

~2 = nhApe (0) exp Ap3o (t) dt 

and  the  o t h e r  p a r a m e t e r s  of  the  p r o c e s s .  

In p a r t i c u l a r ,  fo r  a c o n s t a n t  p r e s s u r e  in the  c o l u m n  we have  

7 ~hAp~exp 7 3 7 3 Q = ~7 ~7 hpct; Q- = nhApc exp ~ Apct; 

7 Ap~t; 2dc 8 7 Ap~t, l = exp ~ = T Ape exp 

w h e r e  2d c i s  the  wid th  of  the  c r a c k  a t  the  c o l u m n .  

A l l  the  p a r a m e t e r s  i n c r e a s e  e x p o n e n t i a l l y  wi th  t i m e ,  the  exponen t  b e i n g  p r o p o r t i o n a l  to t h e ' c u b e  of 
the  p a r a m e t e r  in the c o l u m n  and i n v e r s e l y  p r o p o r t i o n a l  to the l i qu id  v i s c o s i t y  and to the s q u a r e  of  the  
e l a s t i c  m o d u l u s  of  the  r o c k .  

I t  can  be  shown tha t  i n c o r p o r a t i o n  of the  s u b s e q u e n t  t e r m s  in (1.8) m e r e l y  a l t e r s  the n u m e r i c a l  f a c t o r  
in the  e x p o n e n t  s o m e w h a t .  

F o r  a g iven  f low r a t e  we have  f r o m  (1o9) and (1.10) tha t  

l •  Apo (t) = ~; l (t) = -- \27.~ Qh~] ' 

w h e r e  ~ i s  de f ined  b y  (1.5).  

F r o m  (1.11) we have  

1 apo (o) = (~ 

F o r  a s t e a d y  f low r a t e  wi th  a d e v e l o p e d  c r a c k ,  w h e r e  ~2 >> ~2 0 and c o n s e q u e n t l y  ~2 = Qt, we have  

(2_7_1= . = ( 7 l ' /~/(2~,/~t.,,~ 

2d~ = -~ \?-~ / \-Z / 

If  the f low r a t e  i s  c o n s t a n t ,  the  p r e s s u r e  at  the c o l u m n  is  not  dependen t  on the  f low r a t e  and f a l l s  as  
t -1/3 wi th  the  p a s s a g e  of  t i m e  [3]. The  s i z e  of the c r a c k  i n c r e a s e s  wi thou t  l i m i f .  The  l eng th  of  the  c r a c k  
i n c r e a s e s  b y  a 1 /6  p o w e r  l aw as  the  e l a s t i c  modu lus  i n c r e a s e s  and the v i s c o s i t y  of the  l iqu id  f a l l s ,  o t h e r  
cond i t i ons  b e i n g  unchanged ;  the  c r a c k  width  d e c r e a s e s  to the  s a m e  ex ten t .  

2.  A s tudy  has  p r e v i o u s l y  b e e n  m a d e  [6, 7] of the  s t r a i n  in an in f in i t e  e l a s t i c  m e d i u m  wi th  a p l a n a r  
c i r c u l a r  c r a c k  with  a x i a l l y  s y m m e t r i c a l  d e f o r m a t i o n :  the cond i t ion  fo r  f in i te  s t r e s s  of [7] i s  put  in the  

f o r m  
! 

gf~_p~ " - - q ~  O, = r 

w h e r e  p ( r ,  t) i s  the  p r e s s u r e  in the  c r a c k  at  d i s t a n c e  r f r o m  the c e n t e r ,  qzoo = -  ~z(~~ i s  the v e r t i c a l  p r e s -  
s u r e  in the  u n d i s r u p t e d  r o c k ,  and R(t) i s  the c r a c k  r a d i u s .  

We  have  the fo l lowing  fo r  the n o r m a l  d i s p l a c e m e n t  of  the  e d g e s  of the  c r a c k :  
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v~ + (9, t) = - -  v7  (p, t) - 4 (i -- v ~) R (t) [ _ qz~ V t  - -  P~ -~  
a E  

-~ i pd___~ C p (Rp~, t) ~d~ ~ 

By a n a l o g y  wi th  the  c a s e  of  a v e r t i c a l  c r a c k ,  we  g e t  the  f o l l o w i n g  r e l a t i o n s :  

2v+~ Op Q ~ 0;  
3,1 Or + ~ r  

(2.2) 

(2 .3)  

i 

0 

p(O, t)=pc(t). (2.5) 

F o r  t = 0 we have  R ( 0 ) - R  0 an d  
~2(0) =9-0. 

W e  i n t r o d u c e  m o b i l e  e l l i p t i c a l  c o o r d i n a t e s  s and  ~ r e l a t e d  to the  c y l i n d r i c a l  c o o r d i n a t e s  r and  z b y  
r = R V ~ I  ~-Z- p2, z = R s # ;  a t  t he  s u r f a c e  of the  c r a c k  we have  s = 0, r = R~/! - #2, and  the  v a l u e s  O <_# _< 1 
c o r r e s p o n d  to z = + 0, a n d - 1  -<p -<0 to z = - 0 .  

W e  have  the  r e l a t i o n s h i p s  p(p,  t) = p [ R ( t ) [ ~ - ,  t] and  

(~, t) = ,2 [R (t) VI - - - :~ ,  d, 

w h i c h  a l l o w  (2 .1) - (2 .5)  to b e  p u t  as  

l 

2 p (ir t) dp - -  qz~ = 0; (2 . l a )  
--1 

~ , (~ , t )=~  V ~ - ~  ~ ~ V ~ j  ' (2.2a) 

5gv a I - -  f~ ~ 
(2.3a) 

l 

2nR 2 (t) ~ v (t~, t) ~dp - -  ~2 = 0; (2.4a) 
--1 

p(i, t)=pc(t), 
w h e r e ,  a s  i n  the  c a s e  of  a v e r t i c a l  c r a c k ,  we have  u s e d  d i m e n s i o n l e s s  q u a n t i t i e s .  
R 0 i n s t e a d  of l 0- 

T h e  p r e s s u r e  of the  l i q u i d  i s  p u t  as  

(2.5a) 

The  u n i t  of  l e n g t h  is  h e r e  

P (it, t ) = p c ( t ) +  2 p.(t)P.(~), 
n=2,4, . . .  

(2.6) 

w h e r e  Pn(#)  a r e  L e g e n d r e  P o l y n o m i a l s .  

F r o m  (2.1a) we h a v e  

pc(t) = q ~ .  (2 . lb )  

W e  r e s t r i c t  o u r s e l v e s  to a s i n g l e  t e r m  i n  s u m  of (2.6) :  t h e n  (2.1b) and  (2.5a) g ive  APc(t)  = Pc(t)  - 
qz~o = P2(t), and  f r o m  (2 .2a ) - (2 .4a )  we g e t  
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v (9,  t) = s n (t) Apo (t) 98; 

211 R3Ap~c (t - -  93) 9 ~ - - Q  sign ~t = 0, 
3a~a 

3 7 . ) ;  
sign 9 = "~" Pl  (9) ~ ~" Pa (9) A- . .  

gRahpc -- ~ = O, (ft 2' = ~ ~ 2~ 13). 

(2.2b) 

(2.3b) 

(2.4b) 

We m u l t i p l y  (2.3b) byP l (~ )  = ~ and i n t e g r a t e  f r o m - 1  to + 1 to get  

21 a ) c~R3Ap~--Q=O, r  (2 ~ 

If the i n j e c t i o n  p r e s s u r e  at  the c o l u m n  is cons tan t ,  we have f r o m  (2.4b) and (2.7) that 

~ A  ~ C~ . 3 ~ 3 Q= ~pcexp-~Apct; ~=~Apcexp~hp~t ;  

a 3 t 6  ~ 3 
/{ ~ exp ~ Apct; 2de = ~ Ape exp ~ Apct. 

The growth of a horizontal circular crack is of the same type as that of a vertical crack. 

If the flow rate is constant, we have for a developed crack that 

16 cz ~ --1/9 f f 3 t f f 9  2dr ----- ~ ( ~ )  Q . 

By ana logy  with the ca se  of a v e r t i c a l  c rack ,  the p r e s s u r e  at the c o l u m n  is  independen t  of the flow 
r a t e  and has the t -1 /3  t ime  dependence ;  the c r a c k  r a d i u s  i n c r e a s e s  in a c c o r d a n c e  with a 1 /9  law as the 
e l a s t i c  modu lus  of the r o c k  i n c r e a s e s  and as the v i s c o s i t y  of the l iquid  f a l l s ;  the c r a c k  width d e c r e a s e s  
as a 2 /9  power .  

3.  We e s t i m a t e  the c h a r a c t e r i s t i c  p a r a m e t e r s  of c r a c k  growth  for  E = 105kgf/cm 2, u =0.2, and ~ = 1 
c P ;  we a s s u m e  that  i n i t i a l l y  the c r a c k  grows  at  a cons t an t  p r e s s u r e  Apc = 10 k g f / c m  2 up to some i n s t a n t  
t i ,  where  the m a x i m u m  output  of the pump of 6 m 3 / m i n  is  r e a c h e d .  Then  the c r a c k  r e c e i v e s  30 m 3 of l iquid  
for  a p e r i o d  of 5 ra in  at  a c o n s t a n t  flow r a t e  Q of 6 m 3 / m i n .  

F o r  the ca se  of the v e r t i c a l  c r a c k  we a s s u m e  h = 10 m, l 0 = 10 c m;  then we find t 1 = 3.1 sec ,  and at 
the end 'o f  the p r o c e s s  we have l = 297 m,  2d c = 0.86 cm,  Ap c = 1.12 k g f / c m  2. 

In the case  of a ho r i zon t a l  c r ack  with R 0 = 10 cm we have t 1 = 15.3 sec ,  and at  the end of the pumping  
we have R = 101 m,  2d c = 0.251 cm,  Apc = 1.56 k g f / c m  2. 
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